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Shortest scale of quantum field theory
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It is suggested that the Minkowski vacuum of quantum field theories of a large number of\fieidsild be
gravitationally unstable due to strong vacuum energy fluctuations unleSédapendent sub-Planckian ultra-
violet momentum cutoff is introduced. We estimate this implied cutoff using an effective quantum theory of
massless fields that couple to semiclassical gravity and fifdsgsuming that the cosmological constant
vanishes to be bounded b pianal/ N4 Our bound can be made consistent with entropy bounds and holog-
raphy, but does not seem to be equivalent to either, and it relaxes but does not eliminate the implied bound on
N inherent in entropy bounds.
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The existence of a fundamental value for the entropy of acale (ultraviolet cutoff. The logical possibilities are that
black hole(BH) [1] which depends on a geometric property, either A is limited, that the scale of quantum gravity can be
its area, seems startling since it appears to limit the numbesubstantially lower than Planckian, or that quantum fluctua-
of different types of elementary particléé. If there were a  tions do not gravitate, making assumptigin) invalid. The
sufficiently large number of particle species within a givenlatter possibility would also be a possible solution to the
mass scale, then any black hole much larger than that scat®smological constant problem.
could have formed in a sufficiently large number of ways as We first show that the naive Minkowski vacuum of free
to exceed any bound on entropy which does not depend oQFT’s of a large number of fields can be gravitationally un-
N. This argument goes beyond holograpf8;3], which  stable. For such theories, vacuum energy fluctuations in re-
states that the entropy is established at the boundary, bgions whose volume is smaller than a certain “critical” vol-
which nevertheless allows that surface-associated entropy iime (which can, as large N is contemplated, be
be proportional toV. In fact, according to elegant arguments parametrically larger than a Planck volumeould become
and calculations by Bombekit al. and Srednickj4], surface  so strong that they induce them to collapse. The Minkowski
entanglement entropy is indeed proportiona/Atd5,6]. But  vacuum then heads towards a BH slush unless some back
why then shouldV be limited in any field theory that is to be reaction can modify the naive Minkowski vacuum suffi-
consistent with gravity? Moreover, if gravity is the limit of a ciently to prevent this final outcome. Since this can happen
large N gauge theory7] how could it disallow large\? on scales parametrically lower than Planckian for latge

In an attempt to broach these issues, we show here th@te problem is not due to quantum gravity effects, rather,
three commonly made assumptiofis that free, or weakly  classical gravity is amplifying energy density seeds originat-
coupled quantum field theorieQFT's) have empty ing from field theoretic quantum fluctuations, in analogy to
Minkowski space-time as their vacuum on scales greater thaime germination of large scale structure during an inflationary
the familiar Planck lengthL,, (i) that free, or weakly phase of the early universe.
coupled QFT's can be used to calculate the spectrum of We are not suggesting that the vacuum actually is un-
quantum fluctuations in Minkowski space-time backgroundstable. We merely point out that Minkowski space-time
and (i) that quantum fluctuations gravitate as any othemnwould be unstable if we try to extend field theory with a
source of energy, are not compatible for sufficiently lalde large number of fields and semiclassical gravity beyond a
Assumptions(i),(ii) are commonly used to calculate many certain scale. As for what happens beyond that scale, perhaps
physical observables, and have been tested experimentally the vacuum needs to be redefined by non-perturbative effects
very good accuracy at low energy scales. Assump(idbn  due to back-reaction on the vacuuor the BH slush, should
has not been tested experimentally, but is commonly beit come to that In any case, the final outcome represents a
lieved to be correct, and leads to the infamous cosmologicalignificant modification of naive Minkowski space. While it
constant probleni8] due to the contribution of zero-point may remain Minkowskian at sufficiently large scales, it fea-
guantum fluctuations to the energy density. tures an ultraviolet cutoff that depends & and thus re-

We propose that the resolution to the conflict betweerstricts the number of independent degrees of freedom avail-
assumptions(i)—(iii) when the number of fields becomes able in a region of given size. This number, when there is no
large is that quantum field theories which have flat space asosmological constant, generally increases as fractional
their vacuum have awV-dependent limit on their shortest power of A, so it implies neither an absolute entropy bound

[9], nor a linear dependence of such a boundAgnas in

holography.
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fields, but our results are applicable, with slight modifica-
tions, to physical components of any kind of fields, such as
fermions, gauge bosons, etc. We assume that the fields’

masses are protected from quantum corrections, for exanjplﬁ,here the geometric factd?,(x) depends only on the shape
by supersymmetry, or a gauge symmetry, so they are strictlys tne volumeV.

massless. The restriction to massless fields is mainly for con- 114 energy dispersion calculation leading to Ed3,(2)

venience, allowing us to present simpler analytic resuli$,as many similarities to the calculation of the entanglement

which capture the. essence of our point. We further assUMgniropy of a subsystem of a pure sti@ Since the disper-
that the cosmological constant has been set to @réeast ;5 of Hy is equal to that oHy they can depend only on

to some accuragyfor example by unbroken supersymmetry. 5qnerties of the common boundary of the two regions. This
The curvature of spacetime is therefore much lower thang herhaps counterintuitive; one might have expected the dis-
Planck!an, gnd we assume for simplicity that the background . cion ofH, to be extensive, proportional to the volure

space is Minkowski space. We do expect, however, that thg ;1 4 the previous argument shows, this is wrong. The fact

instability we wil] demonstrate persists in presence of &hat the dispersion ofl,, has to be a function of boundary
(sm_alb _cosmologlcal ’constant. We neglect possible réNOnvariants and using dimensional analysis allows us to esti-
malization of Newton’s constant, so that the scale of quant sie it in different setups. Of course, as it star{@aHy)2)

tum gravity is indeed the Planck scale. Throughout we em ' ' v

hasize f onal d d | ich is ultraviolet divergent, being an operator of mass dimension
phasize functional dependence on mass sca GW'C. 2; to define it we have to introduce an ultraviolet momentum
we assume to be a large paramgtand work in units in

hich 7= c—1 cutoff A. The exact form of implementing the cutoff will not
whic _C_. T 5 - . affect the nature of our results, but it will change details,
The HamiltonianH=[d"°x H(x), of a single massless such as numerical coefficients of order of unity.
scalar field¢ in Minkowski spacetime is given by a volume  For the sake of concreteness and clarity, we restrict our
integral over the Hamiltonian densit§(x) =3[ (I1(x))? attention for the moment to the case of a spherical vol¥me
+(Vé(x))?], wherell is the momentum conjugate t.  Of radiusR. We expect similar results when different geom-
Separating space into two parts, an “inside” region of vol- etries are considered, and present some examples later on.
ume V and an “outside” region of volumeV, the total On dimensional grounds, the energy dispersion in a sphere of
Hamiltonian is simply given by H,=HV+ Hy  radiusR AE(A,R)=V(AHspherd”, IS given byAE(A,R)
— rod®x HR) + Fod® Hix =&(RA)A . We now proceed to find the analytical expres-
_f,&/lthéugh()t(r)]e \f/;cuﬁm é’gté is an eigenstatéoft is not sion for the function&(RA). The geometric factor for a

. . . . spherical volume is given b
an eigenstate dfl,, or Hy . So in spite of the vacuum being P 9 y
an eigenstate of the total Hamiltonian, the energy contained 2
in the volumeV is subject to fluctuations, its dispersion given DspherdX,R) =?x2(x— 2R)X(x+4R), 0<x<2R,

b
y (3

and, of course, vanishes far>2R. Since the densitf is
ultraviolet divergent, it has to be regularized. We implement
a particularly simple regularization procedure by inserting
factors ofe P’ ande”¥* which suppress momenta larger
than A in the momentum integrals of Eql). Now we can
explicitly evaluatef:

<<AHV>2>=J dXF(X)Dy(X), (2)

1 dPpdq| oo o -
<(AHV)2)=§de3y1d3y2“ 28 [el(p+q)<(y1yz)

(5-&)2”
o]¢ '

Note that if V in Eqg. (1) is the whole of space, then the
integration overy; andy. produces a3(p+q), forcing the
momentum integral to vanish. The dispersionHsf, as ex-
pected, is equal to that df,,. This can be verified by ex-
pressingf as [irs— [y for the d3x and d3y integrations,
and using the fact that each of thfggs integrals gives a
vanishing result due to the presences3tp+q).

It is convenient to express E@l) as an integral of a
density, ((AH\)?)=/vd%1d%,F(ly1—y,l), where the
density of energy fluctuations(|y;—VY,|) is given by the
expression inside the square brackets on the right-hand side
(RHS of Eq. (1). SinceF depends only ox=|y;—y,|, we
can perform all the integrals in Edl), except for thex

3

X

pg+2p-q+ (1)

_A_83—10(Ax)2+3(Ax)4
Comt 1+ (Ax)DS

F(x,A) (4)

Notice thatF has an overall factor oA® as required by its
dimensionality, that the maximal value dF is at zero
F(0,1)=3/27*~0.015, and that for large F is positive and
decreases as 8. Using Eqs(3) and(4), integral(2) for AE
can be evaluated explicitly,

(AR) 1/2

w

8[5+4(AR)?]
151+4(AR)?]®

AE(A,R)= 5

For regions of different shapes and different cutoff proce-

integral, by using the equality=5dx5(|y;—Yy,|—x). The
result is the following convolution:

dures we expect similar results and indeed have found simi-
lar results.
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In a theory of a large number of field§/, the energy which, together with Eq(6), implies that the condition is
dispersion(AE\{A,R))?*=((AHspherd?) is proportional to
N, since the contribution of each field adds up linearly, so R2=2m&(m)VAL3, ®
AE (A ,R) is given by
whereL,= Gy is the Planck length.

AEMA,R) = JNERA)A, (6) For a large enoughV, the size of created BH’s is large in
Planck units, so the initial induced curvature by each one of
where&(RA) can be read off Eq5). them is small.
The energy fluctuatiod E \(A,R) differs from the expec- The main limitation to our calculation comes from the

tation value of vacuum energyH) (the cosmological con- fact that we have treated the BH's as classical objects; this is
stan}. For example, bosonic and fermionic fields contributea consistent procedure as long as the evaporation time by
with different signs to(H), so an exact cancellation, as in a emitting Hawking radiationt,=[5(8)*47°](M3G2/\)
supersymmetric theory, is possible. But we have explicitlyis |onger than the characteristic classical time sdgje
checked that bosonic and fermionic contributions to the dis— oG M. By setting Z5,M =R, one finds that only BH’s
persion have the same sign, as expected, and cancellationjsi; rR> R.= ’—/\//64077Lp can be treated classically. Thus
not possible. In addition, thei\" dependence is different, e yalidity of the classical treatment requires that the RHS
AE,(A,R) being proportional to/A/, while (H) is generi- of Eq. (8 must be larger thanR?, and hence N
cally proportional taV. Moreover, since we are dealing with <(1280P7*€2(7)~0.5x 10’ [which by Eq. (8) requires

fluctuations, it is clear thakE \{ A ,R) should not be consid- R=\/2560m3¢(m)L,~50L ] Since BH eva -

: ; = 3 ~ . poration process
ered as ordmaw,_class!cal energy, bqt rqther asa stochastig e inverse of Ble| formgtion procepshich we have con-
fluctuating quantity, with a typical lifetime given by gjjered to derive Eq8)], their strength is determined by the

~m/A. This estimate is based on the fact that the dominan, e harameters and couplings. Therefore it is not possible
contribution to the fluctuation is given by the high momen-rfe

d hich h f the order of th o tune some of the parameters of the theory to avoid BH
tum modes, which have an energy of the order of the culoll, ahqration with the context of the argument. The relative
scaleA. If we consider only modes with energy less than

. M. strength of the BH formation and evaporation processes be-
some maximal energy scale* (A*<A), the energy fluc-  ymeq a detailed quantitative question, which we cannot ad-
tuation AE(A*,R) which is a subdominant contribution t0 §ress using our methods beyond what we have just dis-
the total fluctuationAE(A,R) has a longer lifetimeTf  cyssed. To determine more reliably the limitation imposed on
~7T/{\* >Ts. ] ] our arguments by the BH evaporation process, a better treat-
With these remarks in mind, we now show that unless thenent of quantum gravitational effects and their interplay
number of degrees of freedom of QFT's is bounded theifyith field theoretic effects is required.
Minkowski vacuum is gravitationally unstable. Let us con-  |f indeed BH's are created, they are created at a rate of
sider a theory of\’ massless scalar fields in a classical spaceapoutA* and at a density of about close packing, making the
time background. If spacetime curvature is smaller thanacuum of the theory very different than Minkowski space-
Planckian, then according to assumpti@in), the energy- time, in contradiction with assumptic).
momentum tensor of the QFT can be consistently used as & The gravitational instability of flat space that we have
source in the classical Einstein equations for the metric.  noted can be avoided if, the field theory UV cutoff, is low

When the expectation value of the energy-momentum teNanough. Since * ~ m/R< A, we obtain the following bound
sor vanishegrecall that we have assumed that the cosmoyp the ultraviolet cutoff of the theory:

logical constant vanishgsone must also consider its fluctua-
tions as a stochastic source in the Einstein equafisees, for w
example,[10]). Adopting this prescription, we consider the A<——M,, 9
gravitational effects of the energy fluctuation in a given vol- N
ume, Eq.(6), and we immediately encounter a potential
problem. When a typical energy fluctuation is within its own where M,=1/L, is the Planck mass, and= \m/2&()
Schwarzshild radius, GyAE\{(A,R)=R, a BH could be ~2.9. This bound is subject to the validity conditions which
created Gy is Newton’s constant we have discussed above.

That a fluctuation is within its own Schwarzschild radius ~We have found that for a giveA, treating\” as a vari-
is not sufficient information to determine whether a BH able, there is a critical valuel\/(p/A)4 above which the
would actually be formed. An additional necessary conditionvacuum becomes gravitationally unstable. Alternativelyy/if
is that the travel time of light through the collapsing regionis fixed and we treal\ as a variable, we find that cannot
must be comparable to the mean lifetime of the energy flucbe made larger than a certain critical value, which is para-
tuation itself. This means that only energy fluctuations with ametrically lower than the Planck scale. Thus a large number
lifetime T >R can create a black hole in a region of ske  of massless fieldsV~10* (about the number of massless
so only modes with energy less tharf ~ /R are relevant modes in some string theorjesan be admitted in a field
to this process, and therefore the previous condition fotheory provided that the ultraviolet cutoff of the theory is

vacuum instability should be refined as follows: sufficiently below the Planck scale. In the context of low
energy effective field theories of weakly coupled strings, the
2GNAEMA* R =R, (7) cutoff scale is determined by the string length. However,
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according to our arguments, the magnitude of the cutoff scaleall that the entropy of a BH is proportional to its horizon
may be set by considerations that do not seem to have areaAy in units of Newton’s constaniSzy=Ay/4Gy and
direct connection to the perturbative definition of the stringdoes not depend onV, while entanglement entrop$ey
length, rather by BH’s that strings may form. = NA/Ag g depends linearly oV. ConsideringSg andSgy

We conclude that in order to avoid a “granular collapse” together in a way as to make them compatible without any
of spacetime, the number of fundamental degrees of freedomound on\ would suggest thahg,g should be proportional
has to be restricted if not bounded. Because our calculatioto N. However, condition(9) suggests that the cutoff area
assumes a flat background, we have not explicitly derived/A? scales only agv*2 Thus, if the QFT cutoff determines
the mechanism by which the scale of QFT is cut off, northe true size of a single information bit, we are left with an
proved that such a mechanism could be described by QFTpper bound onV. This upper bound, however, is not as
We suspect that the physics behind our argument is not urstrong as what one would obtdibl] by consideration of the
connected to the constraints on the number of particles spentropy of a BH at the “naive” cutoff, namely the Planck
cies that come from string theory or that appear to be impliegcale, which admit$V" only somewhat greater than unity.
by entropy considerations and holography. On the other
hand, we have obtained our result without any reference to We acknowledge helpful conversations with R. Bousso
strings or entropy, and that raises the intriguing possibilityand J. Friedman, and comments on the manuscript by J. Bek-
that such implications of string theory may be more generaénstein. R.B. and S.F. are supported by the Israel Science
than string theory itself. foundation, S.F. is also supported by Della Riccia Founda-

The QFT cutoffA, one expects, somehow determines thetion and by the Kreitman Foundation. D.E. is supported by
area of a “single information bit’/Ag;g~1/A2. We may now the Israel Science Foundation, acknowledges the hospitality
ask whether the size &g,g given by condition(9) is com-  of the Institute of Theoretical Physics during completion of
patible with the proposed statistical explanation of BH en-this paper, and the support of the National Science Founda-
tropy [1] as given entirely by entanglement entrddy. Re-  tion under Grant No. PHY94-07194.
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